We review the recent proof of the N. Takahashi's conjecture on genus 0 Gromov-Witten invariants of (P 2 , E), where E is a smooth cubic curve in the complex projective plane P 2 . The main idea is the use of the algebraic notion of scattering diagram as a bridge between the world of Gromov-Witten invariants of (P 2 , E) and the world of moduli spaces of coherent sheaves on P 2 . Using this bridge, the N. Takahashi's conjecture can be translated into a manageable question about moduli spaces of coherent sheaves on P 2 .
Introduction
The main theme that we explore in the present review paper is the relationship established in [6, 7] between two a priori distinct geometric topics:
(1) Relative Gromov-Witten theory of the pair (P 2 , E), where E is a smooth cubic curve in the complex projective plane P 2 . (2) Sheaf counting on P 2 . The connecting link is provided by the algebraic notion of the scattering diagram. Once the relationship established, it becomes possible to transfer information from one side to the other and to prove non-trivial results. We will only survey some of the results contained in [6, 7] . In particular, we do not discuss higher-genus Gromov-Witten invariants and refined sheaf counting, for which we refer to [6] [7] [8] .
Our correspondence through scattering diagrams between relative Gromov-Witten theory of (P 2 , E) and moduli spaces of coherent sheaves is inspired by and similar to the correspondence through scattering diagrams between log Gromov-Witten theory of log Calabi-Yau surfaces with maximal boundary and moduli spaces of quiver representations, which is nicely reviewed by Gross and Pandharipande in [18] , following the work by Gross-Pandharipande-Siebert [19] .
1.1. Gromov-Witten theory of (P 2 , E). Let E be a smooth cubic curve in the complex projective plane P 2 . For every positive integer d, a general degree d curve in P 2 intersects E in 3d distinct points. Therefore, we expect that asking for degree d curves intersecting E at a single point defines a constraint of codimension 3d − 1 in the space of degree d curves. On the other hand, the space of rational degree d curves in P 2 is of dimension 3d − 1. Thus, the space of rational degree d curves in P 2 intersecting E at a single point has expected dimension zero, and the count of such curves should be a well-posed enumerative question.
In fact, this naive dimension counting gives the correct answer: there are really only finitely many rational degree d curves intersecting E at a single point. Proof. If such a family existed, then one could construct a curve B and a dominant rational map f ∶ P 1 × B ⇢ P 2 such that f −1 (E) ⊂ {∞} × B. As E is anticanonical in P 2 , there exists a 2-form ω, non-degenerate on P 2 − E and with first order pole along E. As we are working in characteristic zero, the pullback f * ω is a nondegenerate 2-form on (P 1 − {∞}) × B, with first order pole along ∞ × B. As B is curve, there exists a non-vanishing vector field on some non-empty open subset U of B. Contracting the pullback of this vector field to P 1 × U with f * ω, we get a non-zero 1-form on each P 1 fiber above U , with only a first order pole at ∞ as singularity. As P 1 does not admit non-zero 1-forms with only a first order pole at ∞ as singularity, this is a contradiction.
One can view the pair (P 2 , E) as a log K3 surface. Lemma 1.1.1 is the analogue for (P 2 , E) of the fact that a K3 surface is not uniruled (in characteristic zero). The proofs are essentially the same in both cases, using the existence of a nondegenerate 2-form on a K3 surface or of a non-degenerate log 2-form on (P 2 , E). Counting rational curves in P 2 intersecting E at a single point is a log version of counting rational curves in K3 surfaces.
Once we know that there are finitely many rational degree d curves in P 2 intersecting E at a single point, one can count them. However, this naive enumerative count has a major defect: it is not deformation invariant. In other words, it depends on the chosen cubic E. Rational curves intersecting E at a single point are in general very singular, and one should count them with appropriate multiplicities in order to get a deformation invariant result.
Gromov-Witten theory provides a systematic way to set up deformation invariant enumerative questions. For every positive integer d, we have a moduli space M 0 (P 2 E, d) of relative stable maps, which is a compactification of the space of de-
is a proper Deligne-Mumford stack and comes with a zero-dimensional virtual fundamental class [M 0 (P 2 E, d)] vir . The corresponding Gromov-Witten invariant N 0,d is the degree of this class, written as
In general, the virtual fundamental class is a zero-cycle with rational coefficients and so the Gromov-Witten invariant N
is a rational number. By deformation invariance of the virtual fundamental class, the relative Gromov-Witten invariants N P 2 E 0,d are deformation invariant: they do not depend on the specific choice of the smooth cubic E.
The moduli space M 0 (P 2 E, d) is not zero-dimensional in general. Indeed, a relative stable map f ∶ C → (P 2 , E) is in general very far from being an immersion. There are two major issues:
(1) Multiple cover contributions. Even if f ∶ P 1 → P 2 is a nicely immersed degree d rational curve in P 2 , it will contribute to Gromov-Witten theory in every degree kd multiple of d through maps of the form f ○ h where h∶ P 1 → P 1 is a degree k map. (2) Contracted components. There are in fact two possible technical definitions of M 0 (P 2 E, d): either using relative stable maps of J. Li [31] , or using stable log maps of Abramovich-Chen-Gross-Siebert [1, 13, 21] . In relative stable map theory, an element
is an expansion of P 2 obtained by n-successive degenerations to the normal cone of E. In stable log map theory, an element f ∶ C → (P 2 , E) is an ordinary map f ∶ C → P 2 but promoted at the level of log schemes. These two approaches produce moduli spaces M 0 (P 2 E, d) which are in general slightly different, but define the same Gromov-Witten invariants N P 2 E 0,d . Whatever the precise approach used, the moduli space M 0 (P 2 E, d) contains in general maps f ∶ C → (P 2 E) which are more complicated than maps f ∶ P 1 → P 2 . Here is an example of what can happen. Let f 1 ∶ P 1 → P 2 and f 3 ∶ P 1 → P 2 be immersed curves of degree d 1 and d 3 , and intersecting E at a single common point p. Let C be a chain C 1 ∪ C 2 ∪ C 3 of three P 1 s. Then, there are maps f ∶ C → (P 2 , E) of degree d 1 + d 3 , coinciding with f 1 on C 1 , with f 3 on C 3 and mapping C 2 inside a "bubble" in the relative stable map language, or contracting C 2 onto p in the log language.
These two issues, multiple covers and contracted components, are the price to pay in Gromov-Witten theory for deformation invariance. As the Gromov-Witten invariants N P 2 E 0,d are defined through a virtual fundamental class construction on possibly higher-dimensional stacky moduli spaces, their direct geometric meaning is quite unclear.
In order to understand more precisely when multiple covers and contracted components occur, we need to make a simple observation. Let p 0 be one of the 9 flex points of E and let L be the tangent line to E at p 0 . Let C ⊂ P 2 be a degree d curve intersecting E at a single point p. The curve C is linearly equivalent to dL in P 2 . Intersecting this relation with E, we get that 3dp is linearly equivalent to 3dp 0 in E, i.e. we have the relation 3d(p − p 0 ) = 0 in Pic 0 (E). Therefore, the point of contact of C with E necessarily belongs to the set P d of the (3d) 2 points p in E such that p − p 0 is 3d-torsion in Pic 0 (E). The definition of P d is independent of the choice of the flex point p 0 . Indeed, if p ′ 0 is another flex point, then
It follows that the image of the evaluation morphism M 0 (P 2 E, d) → P 2 at the contact point with E is contained in P d . It is true even in the presence of contacted components because we are working in genus-0 Gromov-Witten theory and a rational curve cannot dominate E.
Therefore, the moduli space M 0 (P 2 E, d) splits into disjoint components indexed by the points p ∈ P d :
Restricting the virtual fundamental class [M 0 (P 2 E, d)] vir to the various components, we get virtual fundamental classes [M 0 (P 2 E, d) p ] vir and we define
of the rational degree d curves meeting E at p. We have
The splitting according to the point p is useful to understand the geometry underlying the Gromov-Witten invariants because the presence of multiple covers or contracted components depends strongly on the point p ∈ P d . The invariant N P 2 E,p 0,d receives contributions from degree d ′ dividing d through multiple covers only if p ∈ P d ′ . This motivates the following definition.
Let p ∈ P d . In general, d(p) is a divisor of d. If d(p) = d, then p is said to be primitive. In such case, there are no multiple covers and no contracted components, the moduli space M 0 (P 2 E, d) p is zero-dimensional and so consists in finitely many (possibly non-reduced) points. In particular, N
is the number of these points (weighted by their length if non-reduced) and so N
is as close as possible to the naive enumeration of rational curves in P 2 : each curve is counted with an integer multiplicity.
If d(p) ≠ d, then p is said to be non-primitive. In such case, there are in general multiple covers and contracted components, N
is only a rational number, and its direct geometric meaning is unclear. The worst case (if d > 1) is in some sense d(p) = 1, i.e. if p is one of the flex points. Through multiple covers, the tangent line to a flex point p contributes to the invariants N P 2 E,p 0,d in every degree d ⩾ 1. Proof. If p and p ′ are two points in P d with d(p) = d(p ′ ), then the monodromy of the family of all smooth cubics in P 2 is big enough to map p on p ′ and the result follows by deformation invariance of the Gromov-Witten invariants.
For every positive integer d and for every k positive integer dividing d, we write N 
In order to get rid of signs, we define
We define "BPS invariants" Ω
We can rephrase Theorem 1.1.4 as follows.
Our main goal is to explain a proof of Theorem 1.1.5. The study of the Gromov-Witten counts N
was initiated by N. Takahashi [37, 38] around 1999 and some form of Theorem 1.1.5 was then conjectured. A more recent study of this question has been done by Choi-van Garrel-Katz-Takahashi [14] [15] [16] . In particular, the statement of Theorem 1.1.5 can be found as [15, Conjecture 1.3]. The natural analogue of Theorem 1.1.5 should hold for any pair (S, D) with S a del Pezzo surface and D a smooth anticanonical divisor. In the present paper, we focus on (P 2 , E).
We have already explained that counting rational curves in P 2 intersecting E at a single point should be viewed as an analogue to counting rational curves in K3 surfaces. Let S be a projective K3 surface and let β be an effective curve class on S. Then, one defines a Gromov-Witten count N S 0,β ∈ Q of rational curves in S of class β, which is invariant under deformations of S keeping β effective [33] . Using the monodromy in the moduli space of K3 surfaces, one can show that N 0,β only depends on β 2 and on the divisibility of β in the lattice H 2 (S, Z). The divisibility of β for K3 surfaces is analogous to the choice of the point p ∈ P d for (P 2 , E): if the divisibility of β is 1, i.e. if β is primitive, then N S 0,β is a positive integer, counting rational curves with integer multiplicities, whereas if β is non-primitive, N S 0,β is only a rational number, receiving complicated contributions from multiple covers.
One defines "BPS invariants" n S 0,β by the formula
The following result is due to Klemm-Maulik-Pandharipande-Scheidegger [24] in 2010 and is the analogue of Theorem 1.1.5 for K3 surfaces. Theorem 1.1.6. For every β effective curve class on S, the BPS invariant n 0,β is independent of the divisibility of β, i.e. depends on β only through β 2 .
1.2. Dimension 1 sheaves on P 2 . We introduce now a topic seemingly disjoint from the questions discussed in §1.1. We consider coherent sheaves F on P 2 supported on curves of degree d(F ) and of Euler characteristic χ(F ). We recall that such coherent sheaf F is said to be Gieseker semistable (resp. stable) if:
(1) F is pure of dimension 1, i.e. if every non-zero subsheaf of E is also supported in dimension 1.
(2) For every non-zero and strict subsheaf F ′ of F , we have
For every positive integer d and for every integer χ, let M d,χ be the moduli space of S-equivalence classes of Gieseker semistable sheaves F on P 2 , supported on curves of degree d and with χ(F ) = χ. Such moduli space can be constructed by geometric invariant theory. We refer to [22] for details. One can show [29] that M d,χ is an irreducible normal projective variety of dimension d 2 + 1. Taking the support defined by the Fitting ideal of a dimension 1 sheaf defines a morphism
where O(d) is the linear system of degree d curves in P 2 . If C ∈ O(d) is smooth, then π −1 (C) is isomorphic to the Jacobian variety of C. If C is singular, then π −1 (C) is in general complicated, and this makes the study of the global geometry of M d,χ non-trivial.
If F is Gieseker semistable sheaf, then Ext 2 (F, F ) = Hom(F, F ⊗ K P 2 ) ∨ by Serre duality and Hom(F, F ⊗ K P 2 ) ∨ = 0 by negativity of K P 2 and semistability of F . In particular, the locus M st d,χ ⊂ M d,χ of stable objects is always smooth. If d and χ are coprime, then M d,χ = M st d,χ and so M d,χ is smooth. In general, there are strictly semistable sheaves and M d,χ is singular.
For every d and χ, we denote by Ie(M d,χ ) the Euler characteristic of M d,χ for the intersection cohomology and we define Given the known DT/PT correspondence (proved by wall-crossing in the derived category for general Calabi-Yau 3-folds [11] , or by computation of both sides in the toric case, see [33, §5] ), the strong rationality conjecture for PT invariants can be translated into a strong rationality statement for DT invariants.
As K P 2 is a toric Calabi-Yau 3-fold, DT invariants can be computed by localization and organized using the topological vertex formalism [32] . By a study of the explicit formulas coming from the topological vertex formalism, Konishi [26, Theorem 1.3] proved that the strong rationality statement holds for local toric surfaces, and so in particular for K P 2 (the proof was later generalized to arbitrary toric Calabi-Yau 3-folds in [25] ).
1.3. Main result. Theorem 1.1.5 and Theorem 1.2.1 are formally quite similar, despite dealing with rather different geometric objects. Theorem 1.1.5 is about understanding contributions of multiple covers and contracted components in Gromov-Witten theory of (P 2 , E), whereas Theorem 1.1.5 is about understanding contributions of strictly semistable sheaves in dimension 1 sheaf counting on P 2 .
Our main goal is to give a survey of the proof of the following result. and Ω P 2 d,χ . On the Gromov-Witten side, the scattering diagram will appear as tropical description of a normal crossing degeneration of (P 2 , E) [17] . On the sheaf side, the scattering diagram will appear as describing wall-crossing in the space of Bridgeland stability conditions on the derived category of coherent sheaves on P 2 [20] and [19] . Let M ≃ Z 2 be a twodimensional lattice. Let g = ⊕ m∈M g m be a M -graded Lie algebra: we have a Lie bracket [−, −] on g such that [g m , g m ′ ] ⊂ g m+m ′ for every m, m ′ ∈ M . We assume that [g m , g m ′ ] = 0 if m and m ′ are parallel.
Let R be an Artinian local C-algebra with maximal ideal m R . One can think about R = C[t] t N and m R = tR. Then g ⊗ m R is naturally a nilpotent Lie algebra for the bracket defined by [g ⊗t, g ′ ⊗t] = [g, g ′ ]⊗tt ′ . We denote by G ∶= exp(g⊗m R ) the corresponding nilpotent group. Concretely, elements of G are elements of the form e g , g ∈ g, and the product e g e g ′ is defined by the Baker-Campbell-Hausdorff formula. (1) d is an oriented half-line in R 2 ≃ M ⊗ R, starting at 0. We say that d is ingoing if it points towards 0 or outgoing it it points away from 0. 
in G, where the ordered product is taken over the rays in the anticlockwise order, and where ǫ d = +1 if d is outgoing and
We adopt the normalization to identify two rays (d, H) and (d, H ′ ) with the same support d to form a new ray (d, H + H ′ ).
The following result goes back to Kontsevich-Soibelman [27] . Proof. We prove the result in R m k R by induction on k. For k = 1, we have H d = 0 mod m R , so exp(H d ) = 1 for every ray (d, H d ), and so every local scattering diagram is consistent modulo m R .
We assume that we have constructed S(D) mod m k R , with rays (d,
Then, we can uniquely write ⃗
for some g j ∈ g mj ⊗ m k R . We obtain S(D) mod m h+1 R by adding the outgoing rays (−R ⩾0 m j , g j ). This new local scattering diagram is consistent by construction,
R and so all the rays commute modulo m k+1 R . Examples (1) Propagation of rays. Let D be the local scattering diagram consisting of a single ingoing ray (d = R ⩾0 m, H d ). Then S(D) is obtained by adding the outgoing ray (−R ⩾0 m, H d ), i.e. one propagates the ingoing ray. (2) Elementary scattering. We take R = C[t 1 , t 2 ] (t 2 1 , t 2 2 ) and D the local ingoing diagram consisting of two ingoing rays (R ⩾0 m 1 , H 1 ) and (R ⩾0 m 2 , H 2 ), propagating into two outgoing rays (−R ⩾0 m 1 , H 1 ) and (−R ⩾0 m 2 , H 2 ). We assume that m 1 and m 2 are primitive in M , and that H 1 ∈ g m1 ⊗ t 1 R and
It follows that S(D) is obtained by adding the outgoing ray
Computation of the consistent completion S(D) of a general local scattering diagram D can always be reduced to the computation of several elementary scatterings using a perturbation trick [19] . Assume that we work with R = C[t] t N +1 . We have a natural embedding
If (d, H d ) is one of the rays of D, we can write, after the change of variables t = ∑ N j=1 u j :
where each H d,k is proportional to a monomial in the variables u 1 , . . . , u N . We can think about the ray (d, H d ) as being the superposition of rays (d, H d,k ). By generic perturbations transverse to their directions, we can separate these rays. We do such splitting for all the rays of D. When two of the perturbed rays meet we are in the situation of elementary scattering, with propagation of the two ingoing rays and emission of a new outgoing ray. We iterate the construction until we get a consistent picture. One can show that if the initial perturbations are generic enough, then all the local computations are elementary scatterings. We recover S(D) by putting back together all the parallel rays. When working with perturbed rays, sequences of elementary scatterings producing outgoing rays define balanced graphs in R 2 , i.e. tropical curves. It is a key point: the combinatorics of the computation of the consistent completion D ↦ S(D) of a local scattering diagram is the combinatorics of tropical curves in R 2 . This is the ultimate explanation for the connection between local scattering diagrams and curve counting.
2.2.
Curve counting from local scattering diagrams. In order to obtain a connection with Gromov-Witten theory, we need to specialize the general discussion of local scattering diagrams done previously. We make a particular choice of Lie algebra: we take g = C[M ], with linear basis given by monomials z m , m ∈ M = Z 2 , and with Lie bracket given by
Conceptually, viewing C[M ] as the algebra of functions on (C * ) 2 , [−, −] is the Poisson bracket defined by the holomorphic symplectic form dx x ∧ dy y . We take R = C[[t]]. Concretely, we apply the formalism of scattering diagrams with R = C[t] t N and we take the limit N → +∞. We choose primitive elements m 1 and m 2 of M . Let D m1,m2 be the local scattering diagram consisting of two ingoing rays (R ⩾0 m 1 , H 1 ) and (R ⩾0 m 2 , H 2 ), where
Gross-Pandharipande-Siebert [19] have given a Gromov-Witten interpretation of the generating series H a,b computed by the local scattering diagram S(D m1,m2 ).
Let Y a,b m1,m2 be the projective toric surface of fan given by the three rays R ⩾0 m 1 , R ⩾0 m 2 , and −R ⩾0 (am 1 + bm 2 ). Let D 1 , D 2 and D a,b be the corresponding toric divisors. Let X a,b m1,m2 be the projective surface obtained by blowing-up one point on D 1 away from D 1 ∩ D 2 and D 1 ∩ D a,b , and one point on D 2 away from D 2 ∩ D 1 and D 2 ∩ D a,b . We denote by E 1 and E 2 the corresponding exceptional divisors. We still denote by D 1 , D 2 and D a,b the strict transforms in X a,b m1,m2 of D 1 , D 2 , and D a,b .
For every positive integer k, there exists a unique class β k ∈ H 2 (X a,b m1,m2 , Z) such that β k ⋅ E 1 = ka, β k ⋅ E 2 = kb, and β k ⋅ D a,b = k. Let N ka,kb m1,m2 be the Gromov-Witten count of rational curves in X a,b m1,m2 of class β k intersecting D a,b at a single point. One precise way to define N ka,kb m1,m2 is to use log Gromov-Witten theory of X a,b m1,m2
It seems that we are using a different surface X a,b m1,m2 for each choice of a and b. In fact, we can replace Y a,b m1,m2 by any projective toric surface whose fan contains the rays R ⩾0 m 1 and R ⩾0 m 2 , and then, for every a and b, we can interpret (ka, kb) as a well-defined relative condition in log Gromov-Witten theory and define the log Gromov-Witten invariants N ka,kb m1,m2 . The log Gromov-Witten invariants are independent of the precise choice of toric surface by invariance of log Gromov-Witten invariants under log birational modifications [3] .
The main result of Gross-Pandharipande-Siebert [19] is then:
For every a, b ∈ N coprime, the generating series H a,b attached to the ray of direction −(am 1 + bm 2 ) in the local scattering diagram S(D m1,m2 ) is given by
Proof. We present a sketch of the proof given in [19] . After sending the blown-up points "at infinity" by a degeneration, the computation of the log Gromov-Witten invariants N ka,kb m1,m2 of X a,b m1,m2 can be reduced to the computation of log Gromov-Witten invariants of Y a,b m1,m2 with contact conditions along D 1 , D 2 , and with only a single intersection point with D a,b . The factors (−1) k 1 k 2 in H 1 and H 2 come from relative Gromov-Witten invariants of P 1 appearing in the degeneration argument.
The log Gromov-Witten invariants of the toric surface Y a,b m1,m2 can be computed in terms of enumeration of tropical curves in R 2 [34, 35] : one constructs by toric means appropriate normal crossing degenerations of Y a,b m1,2 and the tropical curves appear as dual intersection graphs of the degenerated curves in the special fiber.
It remains to use the correspondence between scattering diagrams and tropical curves sketched as the end of §2.1.
Scattering diagrams. The divisor
is anticanonical on the surface X a,b m1,m2 . In other words, the pair
) is a log Calabi-Yau surface. Theorem 2.2.1 computes a class of log Gromov-Witten invariants of (X a,b m1,m2 , D 1 ∪ D 2 ∪ D a,b ) in terms of a local scattering diagram. More generally, for every log Calabi-Yau surface (Y, D) with D a cycle of rational curves, there is a version of Theorem 2.2.1 computing log Gromov-Witten invariants for rational curves intersecting D at a single point in terms of a local scattering diagram.
We are interested in log Gromov-Witten invariants for rational curves in (P 2 , E) intersecting E at a single point. The pair (P 2 , E) is a log Calabi-Yau surface but E is a smooth genus-1 curve and not a cycle of rational curves. In particular, we cannot use a local scattering diagram to compute the invariants Ω
will be computed using a (global, not local) scattering diagram constructed from a normal crossing degeneration of (P 2 , E) [17] .
Let B 0 be an integral affine manifold. A scattering diagram D on B 0 is a collection of rays (d, H d ) on B 0 such that, locally near each point b ∈ B 0 , we see a local scattering diagram D b in the sense of 2.1. We refer to [20] and [7] for more precise definitions, dealing in particular with convergence issues. A scattering diagram D is said to be consistent if all the local scattering diagrams D b are consistent in the sense of §2.1. Given a scattering diagram D on B 0 , there is a canonical way to produce a consistent scattering diagram S(D). When some rays intersect at some point, we apply Theorem 2.1.4 and add some new rays to guarantee local consistency around this point. Then, we propagate the new rays and we iterate the construction.
Scattering diagrams as a bridge between sheaves and curves
3.1. Scattering diagram from relative Gromov-Witten theory. In this section, we follow the work of Gabele [17] . Let
Denote by X t the fiber over t ∈ A 1 . The hypersurface X t in P (1, 1, 1, 3) intersects the toric boundary divisor P 2 = {w = 0} along the cubic curve
The special fiber X 0 breaks into the union of the three other toric divisors {x = 0}, {y = 0}, {z = 0}, each one being isomorphic to the weighted projective plane P (1, 1, 3) . The cubic E 0 breaks into a triangle of lines. Let (B, P) be the dual intersection complex of X 0 . The polyhedral decomposition P contains 3 vertices v 1 , v 2 , v 3 , dual to the 3 components of X 0 , defining a triangle T dual to the triple intersection point of the 3 components of X 0 . As each irreducible component of X 0 is toric, there is a natural way to define an integral affine structure on the complement B 0 in B of 3 focus-focus singularities x 1 , x 2 , x 3 . The 3 singularities of the affine structure are related to the fact that the total space of X has 3 nodal points and that the family X → A 1 is not log smooth at these points.
We define a scattering diagram D P 2 E on B 0 consisting of 6 rays emanating from the 3 singularities in the monodromy invariant directions defined by the edges of T , and with attached functions
where m is the direction of the ray pointing towards the singularity. Let S(D P 2 E ) be the consistent scattering diagram on B 0 obtained by consistent completion of D P 2 E . Figure: (B, P) . The two unbounded half-lines meeting at each singularity x i need to be identified and the affine structure needs to be glued across this identification by an explicit transformation in SL(2, Z). 
where f (x) is a continuous piecewise linear function approximating − x 2 2 . The singularities x 1 , x 2 , x 3 on the boundary of B − T lift to the points (n, − n 2 2 ), n ∈ Z, all on the boundary of U given by the parabola of equation y = − x 2 2 . The monodromy invariants directions at the singularities lift to the tangent lines to the parabola at the points (n, − n 2 2 ). One can show that the rays of the scattering diagram S(D P 2 E ) never enter the interior of the triangle T . Thus, we can consider the liftS(D P 2 E ) of S(D P 2 E ) to U , see Figure 1 .
We claim that the scattering diagramS(D P 2 E ) computes the Gromov-Witten invariants N P 2 E,k 0,d introduced in §3.1. We can show that vertical asymptotic rays inS(D P 2 E ) are contained in vertical lines of equation x = x 0 with x 0 ∈ Q. Given x 0 ∈ Q, we denote by [x 0 ] its image in Q 3Z. For every G an abelian group and x an element of G of finite order divisible by 3, we denote by d(x) the smallest positive integer such that (3d(x))x = 0 in G. For every ℓ ∈ Z ⩾1 , we denote by r ℓ the number of elements x ∈ Z (3ℓ) such that d(x) = ℓ. For every k, ℓ ∈ Z ⩾1 , we denote by s k,ℓ the number of x = (a, b) ∈ Z (3k) × Z (3k) such that d(x) = k and d(a) = ℓ. 
Theorem 3.1.1 is proved by Gabele [17] . It is a general expectation in the Gross-Siebert approach to mirror symmetry that scattering diagrams should encode enumeration of holomorphic disks [12, 20] .
Proof. We give a sketch of proof of Theorem 3.1.1. We are interested in the log Gromov-Witten invariants N P 2 E,k 0,d of (P 2 , E). By deformation invariance of log Gromov-Witten theory, we can compute the invariants N P 2 E,k 0,d of (P 2 , E) on the special fiber X 0 . According to the decomposition formula of [2] , we can decompose N P 2 E,k 0,d into pieces indexed by rigid tropical curves in B 0 . One important point is that we can follow the torsion points of E is the degeneration and in the tropicalization. Indeed, for every positive integer n, up to doing a base change and some blow-ups, we can consider a new degeneration where the elliptic curve breaks into a cycle of n rational components, and such that the n-torsion points are monodromy invariant. The n 2 n-torsion points degenerate into n points on each of the n components of the cycle. Tropically, the family of elliptic curves defines the circle "at infinity of B" and the n components of the cycle correspond to the n n-torsion points of this circle. Thus, we cannot distinguish tropically the n 2 n-torsion points of the elliptic curve, but we can see n packets of n-torsion points and it is enough for us. Indeed, we already know by Lemma 1.1.3 that the invariants N P 2 E,p 0,d depends on p only through d(p) and so we do not have (3d) 2 but only 3d unknowns. The factor s kℓ r ℓ in Theorem 3.1.1 comes from the comparison between torsion points of the elliptic curves and torsion points of the tropical elliptic curve.
In order to evaluate the contribution of a tropical curve to N
, we include this tropical curve in a refinement of the polyhedral decomposition P. This defines a new family in which the components of the stable log maps of interest maps transversely into the components of the new special fiber. Each component is a toric surface and so it follows from Theorem 2.2.1 that the local scatterings in S(D P 2 E ) correspond to counts of rational curves in the toric components of the special fiber. It remains to glue these local contributions to conclude.
According to Theorem 3.1.1, the Gromov-Witten invariants N P 2 E,k 0,d , or equivalently the BPS invariants Ω P 2 E d,k , can be computed from the scattering diagram S(D P 2 E ), which has a purely algebraic/algorithmic definition. Thus, one can translate Theorem 1.1.5 into a purely algebraic statement aboutS(D P 2 E ). One might hope to give a purely algebraic proof of this statement. Unfortunately, such a proof is not known:S(D P 2 E ) is a quite complicated object, see Figure 1 . To make progress, we need to come back to geometry (but not the same geometry we started with...). In the next sections, we explain howS(D P 2 ) appears in the context of stability conditions on D b (P 2 ) and how Theorem 1.1.5 translates into Theorem 1.2.1, thus proving Theorem 1.3.1.
3.2.
Scattering diagram from stability conditions. The main idea is to embed U in the space Stab D b (P 2 ) of Bridgeland stability conditions on the derived category D b (P 2 ) of coherent sheaves on P 2 and to give a description of the scattering diagramS(D P 2 E ).
We have
where r is the rank, d is the degree and χ the Euler characteristic. Recall that a Bridgeland stability condition [9] 
is an abelian category, heart of a bounded t-structure on D b (P 2 ), and Z∶ Γ → C γ ↦ Z γ is a linear map, called the central charge, such that:
(1) For every object
(2) Every object F ≠ 0 in A admits a Harder-Narasimhan filtration
(3) Support property: there exists a quadratic form Q on the R-vector space Γ ⊗ R such that the kernel of Z in Γ ⊗ R is negative definite with respect to Q, and for every σ-semistable object F , we have Q(γ(F )) ⩾ 0. According to [9] , the space Stab D b (P 2 ) of Bridgeland stability conditions on D b (P 2 ) has a natural structure of complex manifold of complex dimension 3. 
such that, for every γ = (r, d, χ) ∈ Γ, we have
Proof. According to [4, 5, 10] , there exists an embedding
such that Z (s,t)
where H ∶= c 1 (O(1) ). We obtain the desired embedding via the quadratic change of variables
.
From now on, we use Lemma 3.2.1 to view U as a subset of Stab D b (P 2 ). For every σ ∈ U and γ ∈ Γ, we have a moduli space M σ γ parametrizing Sequivalence classes of σ-semistable objects F with γ(F ) = γ. Given γ ∈ Γ, there are finitely many real codimension 1 loci in U , called walls, in the complement of which M σ γ is a constant function of σ, and across which M σ γ jumps. Given γ ∈ Γ and x ∈ R, we can show that, for every y ∈ R >0 large enough, the moduli space M σ=(x,y) γ coincides with the moduli space of Gieseker semistable sheaves of class γ. For every σ ∈ U and γ ∈ Γ, we denote by Ie(M σ γ ) the Euler characteristic of M σ γ for the intersection cohomology and we define
The invariants Ω σ γ jump across the walls. We can show [7] that the invariants Ω σ γ are Donaldson-Thomas invariants of the noncompact Calabi-Yau 3-fold K P 2 , total space of the canonical line bundle of P 2 , and that their jumps across the walls are described by the Kontsevich-Soibelman wall-crossing formula [28] . A key technical tool in this proof is a Ext 2 vanishing result for σ-semistable objects due to Li-Zhao [30] .
We use the invariants Ω σ γ to define a scattering diagram D P 2 on U as follows. The rays of D P 2 are indexed by γ ∈ Γ and given by Proof. When two rays R γ1 and R γ2 intersect at a point σ ∈ U , we have by definition Re Z σ γ1 = 0 and Re Z σ γ2 = 0. In particular, the central charges Z σ γ1 and Z σ γ2 are collinear and so σ is on a (potential) wall. One checks that the consistency of the local scattering diagram around σ is a consequence of the Kontsevich-Soibelman wall-crossing formula describing the jumps of the invariants across the wall.
3.3.
Comparison of the scattering diagrams. In §3.1 we defined a scattering diagramS(D P 2 ) on U , describing tropically log Gromov-Witten invariants in a normal crossing degeneration of the pair (P 2 , E). On the other hand, we defined in §3.2 another scattering diagram D P 2 on U , describing wall-crossing behavior of counting invariants of the derived category D b (P 2 ). Proof. We give a sketch of the proof. We know that bothS(D P 2 E ) and D P 2 are consistent scattering diagrams on U . In order to prove that they coincide, it is enough to show that they have the same initial data. Initial data forS(D P 2 E ) are rays emitted by the singular points (n, − n 2 2 ) and tangent to the parabola y = − x 2 2 . On the side of D P 2 , one can identify these rays with the rays R γ(O(n)) defined by the line bundles O(n) (and their shift O(n) [1] ). In particular, the singular points (n, − n 2 2 ) are exactly the points where the central charge Z γ(O(n)) goes to zero. To conclude, one needs to show that the rays R γ(O(n)) are the only rays in D P 2 existing in a small neighborhood of the parabola y = − x 2 2 . This follows from a description of the stability conditions near the parabola y = − x 2 2 in terms of quiver representations.
We use Theorem 3.3.1 to obtain a comparison of the relative Gromov-Witten invariants N P 2 E 0,d and of the dimension 1 sheaves invariants Ω P 2 d,χ . For every d ∈ Z >0 and χ ∈ Z, we define Proof. According to Theorem 3.1.1, the asymptotic vertical rays ofS(D P 2 E ) compute the relative Gromov-Witten invariants N P 2 E 0,d . On the other hand, the asymptotic vertical rays of D P 2 are defined in terms of the invariants Ω P 2 d,χ . Indeed, vertical rays correspond to classes γ = (r, d, χ) with r = 0, i.e. sheaves of dimension 1, and σ-semistability coincides with Gieseker semistability for σ = (x, y) ∈ U with y >> 0. The result follows from the equality of scattering diagrams given by Theorem 3.3.1.
One should view the sheaf/Gromov-Witten correspondence given by Theorem 3.3.2 as an analogue of the correspondence presented in [18] between quiver Donaldson-Thomas invariants and Gromov-Witten invariants of log Calabi-Yau surfaces (Y, D) with D a cycle of rational curves. The analogy also holds at the level of proofs: in both cases, a scattering diagram is used as an intermediate algebraic/combinatorial object between two different looking geometries. The main difference is that the scattering diagram of [18] is a local scattering diagram (in the sense of §2.1), whereas we consider a scattering diagram containing infinitely many such local scattering diagrams. Equivalently, the quiver Donaldson-Thomas invariants of [18] involve a fixed abelian category, whereas we are crucially working with stability conditions with moving abelian hearts on the triangulated category D b (P 2 ).
Our main result, Theorem 1.3.1, follows directly from Theorem 3.3.2. 
